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Abstract: Generally Volterra integral equations of first kind appears when we represent mathematically
the advance problems of biology, chemistry, physics and engineering. In this article, we solved linear
Volterra integral equations of first kind using Aboodh transform and some applications are given in
application section to explain the procedure of solving linear Volterra integral equations of first kind using

Aboodh transform.
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1. INTRODUCTION

The linear Volterra integral equation of first kind is
given by [1-12]

f) = [3 k(x, Ou@®dt ............... (1)

where u(x) is the unknown function, k(x,t)
(kernel of integral equation) and the function f(x)
are known real-valued functions.

In 2013, Aboodh [16] defined a new integral
transform “Aboodh transform” of the function
F(t) as:

1 oo
A{F(t)} = ;j F(t)e Vtdt
0

=K(v),t20,0<k1SUSk2

where the operator A is called Aboodh transform
operator.

The above transform of the function F(t) fort > 0
exist if F(t) is piecewise continuous and of

exponential order. Both these conditions are only
sufficient conditions for the existence of above
transform.

The application of new transform ‘“Aboodh
Transform” to partial differential equations was
given by Aboodh [17]. Aboodh et al. [18] gave the
connection of Aboodh transform with some
famous integral transforms. Aboodh et al. [19]
used Aboodh transformation method for solving
delay differential equations. Aboodh et al. [20]
applied Aboodh transform to solve ordinary
differential equation with variable coefficients.
Solution of partial integro-differential equations by
using Aboodh and double Aboodh transforms
methods was given by Aboodh et al [21].
Aggarwal et al. [22] discussed the application of
Aboodh transform for solving linear Volterra
integro-differential equations of second kind.
Aggarwal et al. [23] gave the Aboodh transform of
Bessel’s functions. Aggarwal et al. [24] gave a hew
application of Aboodh transform for solving linear
Volterra integral equations. Aggarwal et al. [25-26]
solved linear Volterra integral equations of first
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kind using Mahgoub and Kamal transform in these
papers. Kumar et al. [27] gave the applications of
Mohand transform for solving linear Volterra
integral equations of first kind. Aggarwal et al.
[28] used Elzaki transform for solving linear
Volterra integral equations of first kind.

The aim of this article is to determine the exact
solutions for linear Volterra integral equation of
first kind using Aboodh transform without large
computational work.

2. LINEARITY PROPERTY OF ABOODH
TRANSFORM [22-23]:

If Aboodh transform of F(t) and G(t) are H(v)
and I(v) respectively then

A{aF(t) + bG (1)} = aA{F (1)} + bA{G(t)}
= A{aF(t) + bG(t)} = aH(v) + bI(v),
where a, b are arbitrary constants.

3. ABOODH TRANSFORM OF SOME
ELEMENTARY FUNCTIONS [22-23]:

S.N. F(t) A{F(t)} = K(v)
1. 1 1
v2
2 t 1
v3
v*
4. t"™, neN n!
Un+2
5. | t'n> -1 'n+1)
Un+2

6. eat 1
v2 —av
7. sinat a
v(v? + a?)
8. cosat 1
v2 + a?
0. sinhat a
v(v? —a?)
10. coshat 1
172 — aZ

4. CONVOLUTION OF TWO FUNCTIONS
[13-15]:

The convolution (Faltung) of two functions F(t)
and G(t) is denoted by F(t) =G(t) and it is
defined as

t

F(t) « G(t) = F + G = f FGOG(t — x)dx

o

t
= f F(t —x)G(x)dx
0

5. CONVOLUTION THEOREM
ABOODH TRANSFORMS [21-23]:

FOR

If Aboodh transform of F(t) and G(t) are H(v)
and I (v) respectively then

A{F(t) » G(0)} = vA{F ()}A{G(6)}
= vH(v)I(v)

6. INVERSE ABOODH TRANSFORM [22-23]:

If Aboodh transform of F(t) is K(v) then F(t) is
called the inverse Aboodh transform of K (v) and
mathematically it is defined as

F(t) = A7H{K ()}
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where the operator A1 is the inverse Aboodh
transform operator.

7. INVERSE ABOODH TRANSFORM OF SOME

ELEMENTARY FUNCTIONS [22-23]:

S.N. K@) F(t) = A~ Y{K(v)}
1. 1
v2
2. t
v3
3. 1 t?
v 21
4, 1 t"
n+2"’ neN F
5. > 1 t"
_, n — —
Yy T(n+1)
6. 1 et
v2 —av
7. 1 sinat
v(v? + a?) a
8. 1 cosat
v2 4+ a?
0. 1 sinhat
v(v? —a?) a
10. 1 coshat
2 — g2

8. ABOODH TRANSFORM OF BESSEL’S
FUNCTIONS [23]:

1
AJo(®)} = ———
V=T
b) Aboodh transform of Bessel’s function
of order one J,(t):
AY,(0)} = LS -
' v Ja+v?)

9. ABOODH TRANSFORMS FOR LINEAR
VOLTERRA INTEGRAL EQUATIONS OF
FIRST KIND

In the present work, we will assume that the kernel
k(x,t)of linear Volterra integral equation of first
kind which is given by (1) is a difference kernel
and it can be expressed by the difference(x — t).
Thus (1) can be expressed as

f) = [ k(x = Ou®dt ............... (2)

Applying the Aboodh transform to both sides
of(2), we have

A{f (0} = A{J, k(x — Hu(®)dt}....... (3)

Using convolution theorem of Aboodh transform,
we have

A{f ()} = vA{k(0)3A{u(x)}

[A{f ()}

S Afu() = - e I

v

4)

Operating inverse Aboodh transform on both sides
of(4), we have

u() =42 [jg Eg; | S (5)

which is the required solution of (2).

a) Aboodh transform of Bessel’s function 17 AppL ICATIONS

of zero order J,(t):

In this section, some applications are given to
explain the procedure of solving linear Volterra
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integral equations of first kind using Aboodh
transform.

Application: 1 Consider linear Volterra integral
equation of first kind whose kernel containing
exponential function

X = foxe(x_t)u(t)dt ............

Applying the Aboodh transform to both sides
of(6), we have

Alx} = A{f; e* D u®dt}.............

Using convolution theorem of Aboodh transform
on (7), we have

v3

vA{e"}A{u(x)}

= % v [vzl—v] Afu(x)}
®)

= A{lu(x)} = viZ - % e e e

Operating inverse Aboodh transform on both sides
of(8), we have

1 1 1 1
O R v e
9)

which is the required exact solution of (6).

SUX) =1 =X s

A. Application: 2 Consider linear Volterra integral
equation of first kind whose kernel containing
exponential function

sinx = f(fe(x‘t)u(t) dt......

(10)

Applying the Aboodh transform to both sides
of(10), we have

A{sinx} = A{foxe(x_t)u(t) dt}eeeieeinnn,

Using convolution theorem of Aboodh transform
on(11), we have

1
T2+ 1) = vA{e*}A{u(x)}
= v(v21+1) =v [vzl—v] Au()}

w-» _ 1 1
v(1+v?) 1241 v(v2+1)

= Alu(x)} = . (12)

Operating inverse Aboodh transform on both sides
of(12), we have

(1 ) 1
ux) =4 1{1)2+1}_A 1{v(vz+1)}

= u(x) = cosx — Sinx ... o vv ee . (13)
which is the required exact solution of (10).

B. Application: 3 Consider linear Volterra integral
equation of first kind whose kernel containing
Bessel function of zero order

sinx = foxjo (x —u(t)dt...... (14)

Applying the Aboodh transform to both sides
of(14), we have

Afsinx} = A{[ Jo(x — Hu(t) dt}.... (15)

Using convolution theorem of Aboodh transform
on(15), we have

wr e~ AUl

1 _ 1
= 17(172—4-1) =7V [—UW“ A{u(x)}
1

v /(1+v2)

= A{lu(x)} =

e o2 (16)
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Operating inverse Aboodh transform on both sides
of(16), we have

u(x)=A‘1{ L } =
v [(1+v2)

which is the required exact solution of (14).

............ (17)

C. Application: 4 Consider linear VVolterra
integral equation of first kind whose kernel
linear in the argument x and t

x? == [¥(x = Du(t)dt...... (18)

Applying the Aboodh transform to both sides
of(18), we have

Afx?} = S A{[) (x — u(®) dt}.... (19)

Using convolution theorem of Aboodh transform
on(19), we have

2! 1
= E,vA{x}A{u(x)}

200 1 11
o7 =7 3] A
= A{u(x)} = :—2 R 1)

Operating inverse Aboodh transform on both sides
of(20), we have

u(x) = 4471 {v%} =4 ...

which is the required exact solution of (18).

D. Application: 5 Consider linear Volterra
integral equation of first kind whose kernel
containing exponential function

x= [ e Dyubyde......(22)

Applying the Aboodh transform to both sides of
(22), we have

Afx} = A{J; e=*"Du()dt}.... (23)

Using convolution theorem of Aboodh transform
on(23), we have

3

vA{e *}A{u(x)}

= 4 —v[ !
3 7 2ty

| At

= A{lu(x)} = ULZ +

Operating inverse Aboodh transform on both sides
of(24), we have

which is the required exact solution of (22).

E. Application: 6 Consider linear Volterra integral
equation of first kind whose kernel contain
unknown function with linear in the argument x
and t

sinx = foxu(x —t)u(t)dt...... (26)

Applying the Aboodh transform to both sides of
(26), we have

Afsinx} = A{f; u(x — Hu()dt}.... (27)

Using convolution theorem of Aboodh transform
on(27), we have

w7+ ARG
= [A{u()})?* = 22+ 1)
= Afu()} = + —— (28)
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Operating inverse Aboodh transform on both sides
of(28), we have

= -1 —1 }
ubo =24 {v\/(1+v2)

Sulx) =+Jo(x).oenennnnnn (29)
which is the required exact solution of (26).

F. Application: 7 Consider linear Volterra integral
equation of first kind with unity as a kernel

x = [Ju(t)dt......(30)

Applying the Aboodh transform to both sides of
(30), we have

Afx} = A{f; u(t) dt}.... (31)

Using convolution theorem of Aboodh transform
on(31), we have

% = vA{1}A{u(x)}

1 1
= 5= v.ﬁ.A{u(x)}
= AU} = = (32)

v2

Operating inverse Aboodh transform on both sides
of(32), we have

1

— A1) 2 —
ulx) =4 {UZ}
which is the required exact solution of (30).

G. Application: 8 Consider linear Volterra integral
equation of first kind with unity as a kernel

1—Jo(x) = [y u(®)dt......(34)

Applying the Aboodh transform to both sides of
(34), we have

A1} — A{Jo(0)} = A{[; u(t) dt}.... (35)

Using convolution theorem of Aboodh transform
on(35), we have

1 1
; —_ v— ,.(1+vz) = vA{l}A{u(x)}
= viz — (11+ - = v,%.A{u(X)}
= AU} == ——— ... (36)

Voo (1+v?)

Operating inverse Aboodh transform on both sides
of(36), we have

u(x) =471 {1 S

=Ji(x)...... (37)
v /(1+v2)

which is the required exact solution of (34).

H. Application: 9 Consider linear Volterra integral
equation of first kind whose kernel containing
Bessel function of zero order

Jo(x) — cosx = foxjo(x — t)u(t) dt...(38)

Applying the Aboodh transform to both sides of
(38), we have

A{Jo(x)} — A{cosx} = A{fg]o (x — O)u(t) dt}.(39)

Using convolution theorem of Aboodh transform
on(39), we have

1 1
a1 @)
1 1

=

v —— CAf{u(x)}
v /(1+v2)

1

———=
v /(1+v2) vitl

= A{u()} =1 —
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Operating inverse Aboodh transform on both sides
0f(40), we have

11

v

u(x) =A71 =L(x)...... (41

(1+v2)
which is the required exact solution of (38).
10 Consider

I.  Application: linear

containing Bessel function of order one

cosx — Jo(x) = — fole(x —tu(t)dt.....(42)

Applying the Aboodh transform to both sides of
(42), we have

A{cosx} — A{J,(x)} = —-A fole (x —tu(t) dt
e (43)

Using convolution theorem of Aboodh transform
on(43), we have

1 1
172 +1 - vm = _UA{jl(x)}A{u(x)}
1 1 1 1
L = plr-—L—_|4
e v [v e {u(x)}

1

T

Operating inverse Aboodh transform on both sides
of(44), we have

= Afu(x)} =

u(x) =471 L

=Jo(X)eooiina. (45)

v [(14+v2)

which is the required exact solution of (42).

11. CONCLUSION

Volterra
integral equation of first kind whose kernel

In the present paper, we have successfully defined
the Aboodh transform for solving linear Volterra
integral equations of first kind. The given
applications showed that very less computational
work and a very little time needed for finding the
exact solution of linear Volterra integral equations
of first kind. In future, Aboodh transform can be
applied for solving the system of linear Volterra
integral equations.
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